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Abstract

The notion of Lipschitz stability of impulsive systems of differential equations (DEs)

was introduced. In this paper, we will extend the notion of eventual stability to im-

pulsive systems of DEs and extend the notion of Lipschitz stability of impulsive systems

of DEs to a new type of stability called eventual Lipschitz stability. Some criteria and

results are given. Our technique depends on Liapunov’s direct method and comparison

principle.
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1. Introduction

The qualitative properties in the mathematical theory of impulsive systems
of differential equations have been very important, of interest and developed by
a large number of mathematicians, see [1–3,6], and their studies have attracted
much attention. Furthermore they have been successful in different approaches
based on Liapunov’s direct method and comparison technique (see [5]). In
recent years the study of such systems has been very intensive (see the mono-
graphs [1–3,6], and their bibliographies).
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Lipschitz stability notion is extended to impulsive systems of differential
equations by Kulev and Bainov [2,3]. The notion of eventual stability was
introduced for ordinary differential equations (see [4]).
Our purpose of this paper is to extend the notion of eventual stability to

impulsive systems of differential equations and extend the notion of Lipschitz
stability of [2] to a new type of stability of impulsive systems, namely eventual
Lipschitz stability. These notions will be studied for the perturbed systems with
bounded perturbed function. These notions lie somewhere between Lipschitz
stability of [2] on one side and eventual stability on the other side. Furthermore
the notion of eventual Lipschitz stability implies both the notions of eventual
stability and Lipschitz stability.
Let Rn-be the n-dimensional Euclidean real space, and

SðqÞ ¼ fx 2 Rn: kxk < q; q > 0g:
The following definitions will be needed.

Definition 1.1 (Vasundhara, 1993 [6]). Let 06 t0 < t1 < t2 < � � � < tk < � � �, and
tk ! 1 as k ! 1. Then we say that F 2 PC½Rþ  Rn;Rm� if F : ½tk�1; tk� 
Rn ! Rm is a continuous function in ½tk�1; tk�  Rn and for every x 2 Rn

Limðt;yÞ!ðtþk ;xÞF ðt; yÞ ¼ F ðtþk ; xÞ

exists for k ¼ 1; 2; . . .

Definition 1.2 (Vasundhara, 1993 [6]). We say that V 2 V0 if V 2 PC½Rþ  SðqÞ;
Rþ�; V ðt; xÞ is locally Lipschitzian in x for ðt; xÞ 2 ½tk�1; tk�  SðqÞ.

Definition 1.3 (Vasundhara, 1993 [6]). A function /ðrÞ is said to belong to the
class @ if /ðrÞ 2 C½ð0; qÞ;Rþ�;/ð0Þ ¼ 0 and /ðrÞ is strictly monotone increasing
in r.

Consider the impulsive systems

y0 ¼ f ðt; yÞ;
Dy jt¼tk¼ IkðyÞ;
yðt0 þ 0Þ ¼ x0

ð1:1Þ

and

x0 ¼ f ðt; xÞ þ hðt; xÞ;
Dx jt¼tk¼ IkðxÞ þ JkðxÞ;
xðt0 þ 0Þ ¼ x0;

ð1:2Þ

where f ; h 2 PC½Rþ  Rn;Rn�, Ik; Jk : Rn ! Rn, 06 t0 < t1 < t2 < � � � < tk < � � �,
and tk ! 1 as k ! 1.
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Going through [6], we define a Liapunov function V 2 PC½Rþ  SðqÞ;Rþ�,
and for any fixed t > t0, the function

D�V ðs; yÞðt; s; xÞ ¼ Limd!0 þ inf
1

d

� �
½V ðs þ h; yðt; s þ h; x þ dhðs; xÞÞÞ

� V ðs; yðt; s; xÞÞ�; ð1:3Þ

for t0 < s6 t; s 6¼ tk, x 2 SðqÞ, and as in [4], we define the function

DþV ðt; xÞ ¼ Limd!0 þ sup
1

d
½V ðt þ d; x þ df Þ � V ðt; xÞ�:

The following assumption will be needed:

ðH1Þ The solutions yðt; t0; x0Þ and xðt; t0; x0Þ of (1.1) and (1.2) exist for all
t P t0 P s, unique, continuous with the same initial values and kyðt; t0; x0Þk,
kxðt; t0; x0Þk are locally Lipschitzian in x0.

ðH2Þ hðt; xÞ is a bounded function.

Now, we state the results of [5,6] without their proofs. The following
comparison shows the results of [6], which is an important tool for relating the
solutions of (1.2) to the solution (1.1).

Theorem 1.1. Let the hypothesis ðH1Þ be satisfied. Suppose further that V 2 V0
and
(i) For t0 < s6 t, s 6¼ tk, and x 2 SðqÞ,

D�V ðs; yÞðt; s; xÞ6 gðs; V ðs; yðt; s; xÞÞÞ: ð1:4Þ

(ii) There exists a q0 ¼ q0ðqÞ > 0 such that kxk < q0 ) kx � IkðxÞk < q, and

V tþk ; y t; tþk ; xðtkÞ
��

þ IkðxðtkÞÞ
��

6wkðV ðtk; yðt; tk; xðtkÞÞÞÞ; ð1:5Þ

where wk : Rþ ! Rþ are nondecreasing functions for all k.
(iii) g 2 PC½Rþ  Rþ;R� and the maximal solution rðtÞ ¼ rðt; t0; x0Þ of the scalar

impulsive differential equation

u0 ¼ gðt; uÞ; t 6¼ tk;

uðtk þ 0Þ ¼ GkðuðtkÞÞ;
uðt0 þ 0Þ ¼ u0 P 0

ð1:6Þ

exists for t P t0. Then if xðtÞ ¼ xðt; t0; x0Þ is any solution of (1.2) and
V ðtþ0 ; yðt; tþ0 ; x0ÞÞ6 u0, we get

V ðt; xðt; t0; x0ÞÞ6 rðt; t0; x0Þ; t P t0: ð1:7Þ
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Lemma 1.1 (Lakshmikantham, 1989 [5]). Consider

u0 ¼ pðtÞ/ðuÞ; t 6¼ tk;

u0ðt�kÞ ¼ GkðuðtkÞÞ;
uðt0Þ ¼ u0 P 0;

ð1:8Þ

where p 2 C½Rþ;Rþ�, /, Gk 2 j, and suppose that there exists p0 > 0 such that for
every r 2 ð0; q0�,

Z tk�1

tk

pðsÞds6
Z GkðrÞ

r

ds
/ðsÞ 6 0; k ¼ 1; 2; . . . ð1:9Þ

Then the zero solution of (1.8) is stable.

The following definitions will be needed in the sequel.

Definition 1.4 (Bainov and Simeonov, 1989 [1]). The zero solution of (1.1) is
said to be uniformly stable if for every � > 0, t0 2 Rn, t0 P 0 such that

kx0k < d ) kxðt; t0; x0Þk < �; t P t0:

Definition 1.5 (Kulev and Bainov, 1993 [2]). The zero solution of (1.1) is said to
be asymptotically in variation if for t P t0 P 0, there exists a D > 0 such that

Z t

t0

kwðt; sÞkds6D

and

X
t0 6 tk<t

kwðt; tk þ 0Þk6D:

The following definitions are somewhat new and related with those of [2,4].

Definition 1.6. The zero solution of the system (1.1) is said to be uniformly
eventually Lipschitz stable if for � > 0, there exist M > 0, dð�Þ > 0, and sð�Þ > 0
such that kx0k6 d, x0 2 Rn, implies kxðt; t0; x0Þk6Mkx0k, t P t0 P sð�Þ. Any
eventual Lipschitz stability notions can be similarly defined.

Definition 1.7. The zero solution of the system (1.1) is said to be uniformly
eventually stable if for � > 0, there exist M > 0, dð�Þ > 0, and sð�Þ > 0 such that

kx0k6 d ) kxðt; t0; x0Þk6 �; t P t0 P sð�Þ; x0 2 Rn:
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Definition 1.8. The zero solution of (1.1) is said to be uniformly eventually
asymptotically stable if it is uniformly eventually stable, and for � > 0, there
exist dð�Þ > 0, sð�Þ, and T ð�Þ > 0 such that for x0 2 Rn

kx0k6 d ) kxðt; t0; x0Þk6 �; t P t0 þ T ð�Þ and t0 P sð�Þ:

Any eventually stability notions can be similarly defined.

Remark 1.1. For Definitions 1.6 and 1.7, if the zero solution of (1.1) is uni-
formly eventually Lipschitz stable, then it is uniformly Lipschitz stable and is
uniformly eventually stable.

Consider the impulsive variational systems of (1.1)

y0 ¼ fxðt; 0Þ; t 6¼ tk;

Dy jt¼tk¼ I 0kð0Þy;

yðt0 þ 0Þ ¼ y0

ð1:10Þ

and

z0 ¼ fxðt; xðt; t0; x0ÞÞz; t 6¼ tk

Dz jt¼tk¼ I 0kðxðtk; t0; x0ÞÞz

zðt0 þ 0Þ ¼ z0:

ð1:11Þ

Furthermore, we consider the linear impulsive system

x0 ¼ AðtÞx; t 6¼ tk;

Dx jt¼tk¼ Bkx;

xðt0 þ 0Þ ¼ x0;

ð1:12Þ

where fx ¼ ðof =oxÞ, I 0kðxÞ ¼ ðoIk=oxÞ and xðt; t0; x0Þ be any solution of (1.1)
satisfying the initial condition xðt; t0; x0Þ ¼ x0, and A is an n  n matrix defined
in J, and Bk, k ¼ 1; 2; . . . ; are constant n  n matrices.
The fundamental matrix solution Uðt; t0; x0Þ of the system (1.11) is defined

by

Uðt; t0; x0Þ ¼
oxðt; t0; x0Þ

ox0
; t 6¼ tk ð1:13Þ

(see [5, Theorem 2.4.1]).
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The fundamental matrix solution wðt; sÞ of the system (1.12) is defined by

wðt; sÞ ¼

uðt; sÞ;
tk�1 < s < t < tk;

uðt; tkÞðE þ BkÞuðtk; sÞ;
tk�1 < s < tk < t6 tkþ1;

uðs; tkþ1Þ
Q1

j¼iðE þ BkþjÞuðtkþj; tkþj�1ÞðE þ BkÞuðtk; sÞ;
tk�1 < s6 tk < tk < tkþ1 < t6 tkþiþ1;

8>>>>>><
>>>>>>:

ð1:14Þ

where E is the unit n  n matrix, and uðt; sÞ is the fundamental matrix solution
of the system (1.12) without impulses.

2. Main results

In this section, we discuss the notions of eventual stability and Lipschitz
stability of impulsive systems of differential equations (1.1) and (1.2).

Theorem 2.1. Let the hypothesis of Theorem 1.1 and the assumption ðH1Þ be
satisfied. Assume further that
(iv) f ðt; 0Þ ¼ hðt; 0Þ ¼ gðt; 0Þ ¼ 0, and Ikð0Þ ¼ Jkð0Þ ¼ wkð0Þ for all k.
(v) bkxk6 V ðt; xÞ6 akxk, a; b 2 @ for ðt; xÞ 2 Rþ  SðqÞ.
If the zero solution of (1.1) is uniformly eventually stable, and the zero solution of
(1.6) is uniformly eventually asymptotically stable, then the zero solution of (1.2)
is uniformly eventually asymptotically stable.

Proof. Let yðt; t0; x0Þ be a solution of (1.1) with the initial values x0. From the
hypothesis ðH1Þ and since the zero solution of (1.1) is uniformly eventually
stable for � > 0, given d2ð�Þ > 0, there exists d0 ¼ d0ð�Þ > 0 such that

kx0k6 d0 ) yðt; t0; x0Þk6 d2 ð2:1Þ

for t P t0 P P sð�Þ. Let 0 < �q� ¼ minðq0; qÞ be given, t0 2 Rþ. Since the zero
solution of (1.6) is uniformly eventually stable, given bð�Þ > 0, t0 2 R, there
exist d1 ¼ d1ð�Þ > 0, and sð�Þ > 0 such that

0 < u0 < d ) uðt; t0; u0Þ < bð�Þ: ð2:2Þ

Let the solutions yðt; t0; x0Þ and xðt; t0; x0Þ of (1.1) and (1.2) with the same initial
values x0, respectively, by using the variation of constant formula, the solutions
of (1.1) and (1.2) with the same initial values are related by

xðt; t0; x0Þ ¼ yðt; t0; x0Þ þ
Z t

t0

/ðt; s; xðs; t0; x0ÞÞds;

where /ðt; t0; x0Þ is the fundamental matrix solution of (1.11)
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kxðt; t0; x0Þk ¼ kyðt; t0; x0Þk

þ
Z t

t0

k/ðt; s; xðs; t0; x0ÞÞhðs; xðs; t0; x0ÞÞkds: ð2:3Þ

From (2.1), inequality (2.3) becomes

kxðt; t0; x0Þk ¼ �þ
Z t

t0

k/ðt; s; xðs; t0; x0ÞÞhðs; xðs; t0; x0ÞÞkds:

By using Bellman’s inequality, we get

kxðt; t0; x0Þk ¼ �þ
Z t

t0

cðsÞds < �

whenever kx0k < d0, t P t0 P sð�Þ. Therefore the zero solution of (1.2) is uni-
formly eventually stable.
Now, to prove that the zero solution of (1.2) is uniformly eventually as-

ymptotically stable, it is required to prove that kx0k < d0 which implies

kxðt; t0; x0Þk < �; t P t0 þ T ; t P t0 P sð�Þ; T > 0; ð2:4Þ

where xðt; t0; x0Þ is any solution of (1.2).
If this is not true, then there exists t� > t0 > s, such that kx0k < d0 implies

kxðt�ÞkP � and kxðtÞk < � for t0 < s < t < tk:

Then kxðtkÞk < �q0 and hence by condition (ii) we get

kxðtþk Þk ¼ kxðtkÞ þ IkðtkÞk < q:

Hence, we can find t0 such that tk < t0 P t� satisfying

�6 xðt0Þ < q; ð2:5Þ

thus for t06 t6 t0, t0 > sð�Þ, xðtÞ < q, and therefore by Theorem 1.1, we get

V ðt; xðt; t0; x0ÞÞ6 rðt; t0; yðt; t0; x0ÞÞ: ð2:6Þ

Choose d2 ¼ a�1ðd1Þ, thus by using (2.1), (2.2), (2.5), (2.6), and condition (v),
we obtain

bð�Þ6 bkxðt0; t0; x0Þk6 V ðt0; xðt0; t0; x0ÞÞ6 rðt0; t0; V ðt0; yðt0; t0; x0ÞÞÞ
6 rðt0; t0; akyðt0; t0; x0ÞkÞ6 rðt0; t0; aðd2ÞÞ6 rðt0; t0; d1Þ6 bð�Þ:

This is a contradiction and then the zero solution of (2.2) is uniformly even-
tually stable.
Now, let the zero solution of (1.6) be uniformly eventually asymptotically

stable. Therefore given bð�Þ > 0, t0 2 Rþ and t0 P sð�Þ, there exist d1 > 0, and
T ð�Þ > 0 such that u0 < d1 implies
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uðt; t0; u0Þ6 bð�Þ; t P t0 þ T ; t0 P sð�Þ: ð2:7Þ

From (2.3), by choosing � ¼ q=2, it follows that: Choose d ¼ min½d1; d0�, and
let kx0k < d.
From our previous arguments and condition (v) it yields

bkðxðt; t0; x0ÞÞk6 V ðt; xðt; t0; x0ÞÞ6 rðt; t0; V ðt; yðt; t0; x0ÞÞÞ6 rðt; t0; aðd2ÞÞ
6 rðt; t0; d1Þ6 bð�Þ

for t P t0 þ T , t0 P sð�Þ. Hence the zero solution of (1.2) is uniformly eventually
asymptotically stable, and the proof is completed. �

Theorem 2.2. Let there exist a function V 2 C½Rþ  SðqÞ;Rþ�, and V ðt; 0Þ ¼ 0,
such that
(vi) DþV ðt; xÞ6 gðt; V ðt; xÞÞ,
(vii) kV ðt; xÞ � V ðt; yÞk6 Lkx � yk, L > 1.
(viii) bkxk6 V ðt; xÞ, b�1ðaxÞ6 qðaÞx,
where qðaÞP 1, a P 1, for some function q; b 2 j.
If the zero solution of (1.6) is uniformly eventually Lipschitz stable, then so is

the zero solution of (1.1).

Proof. Let the zero solution of (1.6) be uniformly eventually Lipschitz stable.
Then for every � > 0, t0 > 0, 0 < � < q, q > 0, there exist M > 1, d1 > 0, and
sð�Þ > 0 such that

0 < u0 < d1ð�Þ ) uðt; t0; u0Þ < Mu0; t P t0 P sð�Þ: ð2:8Þ

By applying Theorem 3.1.1 of [5], we get

V ðt; xðt; t0; x0ÞÞ6 rðt; t0; u0Þ; ð2:9Þ

where rðt; t0; u0Þ is the maximal solution of (1.6). Choose
V ðt0; x0Þ ¼ u0: ð2:10Þ

From condition (viii), we get

bkxðt; t0; x0Þk6 V ðt; x0Þ6 rðt; t0; u0Þ
¼ Mu0 ¼ MV ðt0; x0Þ ¼ MLkx0k
¼ Nkx0k; N ¼ ML;

thus

kxðt; t0; x0Þk6 b�1Nkx0k:

Hence

kxðt; t0; x0Þk6 kx0kqðNÞ ¼ Zkx0k; t P t0 P sð�Þ;
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where Z ¼ qðNÞ, Z 6 1 is Lipschitzain constant. Thus, we have

kxðt; t0; x0Þk6 Zkx0k; t P t0 P sð�Þ;

provided that kx0k6 d1ð�Þ.
Hence the zero solution of (1.1) is uniformly eventually Lipschitz stable. �

Theorem 2.3. If the zero solution of (1.1) is uniformly eventually Lipschitz stable
such that

k/ðt; s; xÞhðs; xÞk6 cðsÞkxk;
Z t

t0

cðsÞds < 1; ð2:11Þ

where /ðt; s; xÞ is the fundamental matrix solution of (1.11), then the zero solution
of (1.2) is uniformly eventually Lipschitz stable.

Proof. Since the zero solution of (1.1) is uniformly eventually Lipschitz stable.
Then for every � > 0, t0 2 J , there exist M > 1, dð�Þ, and sð�Þ > 0 such that

kxðt; t0; x0Þk6Mkx0k; t P t0 P s�; ð2:12Þ

where kx0k6 d. Let yðt; t0; x0Þ and xðt; t0; x0Þ be the solutions of (1.1) and (1.2)
with the same initial values x0, respectively. By using the variation of constant
formula, the solutions of (1.1) and (1.2) with the same initial values are related
by

xðt; t0; x0Þ ¼ yðt; t0; x0Þ þ
Z t

t0

/ðt; s; xðs; t0; x0ÞÞhðs; xðs; t0; x0ÞÞds:

The rest of the proof is in the same line of the proof of Theorem 2.1. So, it is
omitted. �

The following definition will be needed.

Definition 2.1. The zero solution of the system (1.1) is said to be asymptotically
stable in variation ifZ t

t0

/ðs; t0; x0Þds6M ð2:13Þ

for every t0 P 0, and all t P t0, where /ðt; t0; x0Þ is the fundamental matrix
solution of (1.11) with /ðt0; t0; x0Þ ¼ E.

Theorem 2.4. Suppose the zero solution of (1.1) is uniformly eventually Lipschitz
stable, and the zero solution of (1.2) is uniformly asymptotically stable in vari-
ation such that

khðs; xðt; t0; x0ÞÞk6 kx0k: ð2:14Þ
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Then the zero solution of (1.2) is uniformly eventually Lipschitz stable.

Proof. As in Theorem 2.3, we have

kxðt; t0; x0Þk

¼ kyðt; t0; x0Þk þ
Z t

t0

k/ðt; s; xðs; t0; x0ÞÞhðs; xðs; t0; x0ÞÞkds:
ð2:15Þ

Since the zero solution of (1.2) is uniformly asymptotically stable in variation,
we getZ t

t0

/ðt; s; xðs; t0; x0ÞÞds6M ð2:16Þ

and since the zero solution of (1.1) is uniformly eventually Lipschitz stable, we
have

kyðt; t0; x0Þk6Mkx0k; ð2:17Þ

where kx0k6 d, t P t0 P sð�Þ.
From (2.14)–(2.16), inequality (2.15) becomes

kxðt; t0; x0Þk ¼ Mkx0k þ kx0k
Z t

t0

k/ðt; s; xðs; t0; x0ÞÞkds

6Mkx0k þ Mkx0k ¼ 2Mkx0k ¼ N �kx0k;

where N � ¼ 2M is a Lipschitz constant. Then

kxðt; t0; x0Þk6N �kx0k;

where kx0k6 d, t P t0 P sð�Þ. Hence the zero solution of (1.2) is uniformly
eventually Lipschitz stable. �

Theorem 2.5. Let the zero solution of (1.6) be uniformly eventually Lipschitz
stable, and gðt; uÞ 2 C½J  Rþ;Rþ�, and gðt; 0Þ ¼ 0, such that

kgðt; uÞ � gðt; vÞk6 Lku � vk; L > 1 ð2:18Þ

and

kx þ df ðt; xÞk6 kxk þ dgðt; kxkÞ þ �ðdÞ ð2:19Þ

for some positive constant L, and ðt; xÞ 2 J  dðqÞ, and for sufficiently small
d > 0, with

Limd!0

�ðdÞ
d

¼ 0:

Then the zero solution of (1.1) is uniformly eventually Lipschitz stable.
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Proof. Let V ðt; xÞ ¼ x, and x0 ¼ u0. Then it follows from (2.19) that

V 0 ¼ Limd!0

kx þ t þ dk � kxðtÞk
d

6Limd!0

1

d
kx þ t þ dk þ dgðt; kxðtÞkÞ þ �ðdÞ þ kx þ df ðt; xÞk

6 gðt; V Þ: ð2:20Þ

It follows from Theorem 3.1.1 of [5] that

V ðt; xðt; t0; x0ÞÞ6 rðt; t0; u0Þ

and thus

kxðt; t0; x0Þk6 V ðt; xðt; t0; x0ÞÞ6 rðt; t0; u0Þ; ð2:21Þ

where rðt; t0; u0Þ is the maximal solution of (1.6) through ðt0; u0Þ ¼ ðt0; kx0kÞ.
Since the zero solution of (1.6) is uniformly eventually Lipschitz stable, there
exists a > 0, dð�Þ > 0, and sð�Þ > 0 such that u0 ¼ ju0j6 d implies

juðt; t0; u0Þj ¼ uðt; t0; kx0kÞ6 akx0k:

By using (2.20), we obtain

kxðt; t0; x0Þk6 akx0k; t P t0 P s;

whenever kx0k6 d, i.e., for � > 0, there exist M > 0, and d > 0 such that

kx0k6 d; x0 2 Rn ) kxðt; t0; x0Þk6Mkx0k; t P t0 > 0:

Then the zero solution of (1.1) is uniformly Lipschitz stable, and the proof is
completed. �

3. Example

Now, we shall illustrate the results obtained by some examples:

Example 1. Consider the impulsive system

y0 ¼ ety2; t 6¼ tk;

yðtþk Þ ¼ ckyðtkÞ; 0 < ck 6 1;
ð3:1Þ

where ck’s are such that
Q1

k¼1 ck ¼ c0 2 ð0; 1�. Suppose that there exists a q0 > 0
such that the moments of impulses t � k, and the impulses ck’s are related by

e�tk � e�tk�1 6
1� ck

kq0
: ð3:2Þ
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The solutions of (3.1) are given by

yðt; tþ0 ; x0Þ

¼
Q

t0<tj<t cjx0
1þ x0ðe�t1 � e�t0Þ þ c1ðe�t2 � e�t1Þ þ � � � þ

Q
t0<tj<t cjðe�t � e�tk Þ

for t P t0, t 2 ðtk; tk�1Þ, and the fundamental matrix solution of the corre-
sponding variational equation is

/ðt; tþ0 ; x0Þ

¼
Q

t0<tj<t cj

1þ x0ðe�t1 � e�t0Þ þ c1ðe�t2 � e�t1Þ þ � � � þ
Q

t0<tj<tcj
ðe�t � e�tk Þ

h i2 :

Choosing V ðs; xÞ ¼ 2c0x2, we get for s 6¼ tk

D V ðs; yðt; s; xÞÞ ¼ 2c0y2ðt; s; xÞQ
t0<tj<t cj

6 ½yðt; s; xÞ�26 ½V ðs; yðt; s; xÞÞ�3=2

and

V ðtþk ; yðt; tþk ; xðtþk ÞÞÞ ¼ V ðtþk ; yðt; tþk ; bkxðtþk ÞÞÞ6 2c0b
2
kV ðtk; yðt; tk; xðtkÞÞÞ:

The corresponding comparison equation is

u0 ¼ u
3
2; t 6¼ tk;

uðtþk Þ ¼ q2kuðtkÞ; q2k ¼ 2c0b
2
k ;

uðt0Þ ¼ u0 P 0:

ð3:3Þ

Assume that there exists q0 > 0 such that the impulses qk’s and the moments of
impulses tk’s are such that

tk�1 � tk 6
2ð1� qkÞ

qkq1=20

ð3:4Þ

Let the zero solution of (3.1) be eventually stable. This follows from (3.2) and
(3.4) which implies

Z tk�1

tk

e�s ds þ
Z q2k ðrÞ

r

ds
sð3
2
Þ 6 0

correspondingly, by using Lemma 1.1. Then from Theorem 2.1, we obtain the
eventual stability of the zero solution of (3.1).
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